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We present the analytical results of ramp effects in asymmetric simple exclusion processes. Both on-ramp
and off-ramp are included in between the two open boundaries. The ramps can be taken as the nontrivial
boundaries to trigger the phase transitions. Exact phase diagrams are obtained analytically in the full parameter
space. We find that the order of the two ramps is crucial. When the on-ramp is placed after the off-ramp along
the traffic direction, there are only four distinct phases: free-free-free, free-free-jam, free-jam-jam, and jam-
jam-jam. The other four phases from naive expectation cannot be realized, i.e., jam-free-free, jam-jam-free,
jam-free-jam, and free-jam-free are all absent. The free flow will not follow the congestion. When the on-ramp
is placed before the off-ramp, we observe an interesting phase: jam-max.-free. The bottleneck emerges as the
flow in between the two ramps saturates to its maximum. We further show that the roadway configuration is
equivalent to a nonstandard intersection. Applications to a traffic rotary are discussed.
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I. INTRODUCTION

Recently, traffic-related problems have attracted much at-
tention from physicists �1,2�. Not only are the problems
highly relevant to our modern life, they also provide excel-
lent examples to the phenomena of boundary-induced phase
transitions �3,4�. Traffic flow is basically a one-dimensional
phenomenon. From intuition, the congestion results when-
ever the in-flow is larger than the out-flow. On the other
hand, if the in-flow is less than the out-flow, the vehicles
might move freely. Such impressions are based on the per-
spective of transient situations. In practice, the free flow
and/or congestion can be steady phases on the roadway. Such
steady phases are present in a system driven far away from
equilibrium, where a steady current is maintained asymptoti-
cally. The basic way to capture such a feature is the asym-
metric simple exclusion processes �5,6�. The model has been
studied thoroughly in a simple configuration of one roadway
with two open ends and no ramp. The ramps can be thought
of as nontrivial boundaries to influence the traffic greatly
�7–9�. In a previous work �10�, we studied the effects of a
single ramp set up in between two open ends. The exact
results were obtained analytically. In the presence of two
ramps, only partial results were obtained. The two ramps
were presumed to be operated at the same rate. In this work,
we present the full results. The two ramps can be operated
independently. We also introduce more ramps along the road-
way and study their influence to the traffic. As a step towards
the complex network, the flow around a traffic rotary is also
analyzed. We emphasize that the exact phase diagrams are
obtained. The full parameter space can be completely classi-
fied.

II. MODEL

We study the phase diagram of asymmetric simple exclu-
sion processes with open boundaries and ramps. The system
configurations are shown in Fig. 1. A simple roadway is rep-
resented by a one-dimensional lattice. Each site can be ac-
commodated by one particle only. At each time step, every

particle hops forward to the next site as long as that site is
empty in previous time step. The dynamics in bulk is fully
deterministic. There are four nontrivial sites: particles can be
injected from the first site �left end� and from the site desig-
nated as the on-ramp; particles can also be removed from the
last site �right end� and from the site designated as the off-
ramp. Although particles move deterministically along the
main road, their injection and removal from these four spe-
cial sites are stochastic. The injection rates from the left end
and the on-ramp are denoted by �0 and �1, respectively; the
removal rates from the right end and the off-ramp are de-
noted by �0 and �1, respectively. On a homogeneous road-
way, the traffic phase can be either free flow �F� or jam �J�.
These two phases can be distinguished by the bulk property
and the boundary behavior. In the free flow, the traffic flow is
proportional to the density. A flat density distribution can be
observed except near the removal boundary, i.e., the injection
boundary dictates the dynamics in bulk. In contrast, the flow
decreases with the increase of density in the congestion. The
removal boundary then dictates the bulk property and pro-

FIG. 1. System configurations: �a� on-ramp �1 placed after off-
ramp �1 and �b� on-ramp �1 placed before off-ramp �1. The gray
arrow shows the direction of particle hopping. The three parts of the
roadway are labeled by the number. We note that changing the
lengths of these three parts does not alter the phase diagrams to be
shown later. Only the relative order of the ramps is relevant.
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vides a nonflat profile near the injection boundary. It is inter-
esting to note that the maximum flow �M� presents as the
transition boundary between these two phases in extreme
conditions. Only when there are at least two ramps properly
situated can the maximum flow be supported as a distinct
phase, where the bulk property becomes independent of
boundaries.

In our previous study �10�, we had obtained the analytical
phase diagrams in the cases of a single ramp. The results can
be summarized as follows.

With a single on-ramp ��1=0�, we have

�F-F� �0 � �0, 0 � �1 �
�0 − �0

1 + �0
; �1�

�F-J� �0 � �0,
�0 − �0

1 + �0
� �1 �

�0 − �0

�0�1 + �0�
; �2�

�J-J� �0 � �0,
�0 − �0

�0�1 + �0�
� �1 � 1; �3�

or �0 � �0, 0 � �1 � 1. �4�

The ramp divides the roadway into two parts. Each part can
be taken effectively as a homogeneous roadway character-
ized by either free flow �F� or jam �J�. When we start with a
free-flow condition on the roadway ��0��0� and then in-
crease the ramp flow �1, the free flow can be maintained at
small �1. As �1 increases, the congestion begins to emerge in
the second part of the roadway. Further increasing �1 will
bring the congestion into the first part of the roadway. If we
start with the congestion on the roadway ��0��0�, any set-
ting of �1 will not resolve the traffic jams. In total, there are
three distinct phases. The �J-F� phase cannot be realized.

In contrast, with a single off-ramp ��1=0�, we have

�J-J� �0 � �0, 0 � �1 �
�0 − �0

1 + �0
; �5�

�F-J� �0 � �0,
�0 − �0

1 + �0
� �1 �

�0 − �0

�0�1 + �0�
; �6�

�F-F� �0 � �0,
�0 − �0

�0�1 + �0�
� �1 � 1; �7�

or �0 � �0, 0 � �1 � 1. �8�

As the ramp flow �1 increases, the system will change from
congestion to free flow. The same three phases are observed.
It is interesting to note that the �J-F� phase is absent in both
cases.

Now, we consider the case of two ramps, first with the
off-ramp placed before the on-ramp as shown in Fig. 1�a�. As
the two ramps divide the roadway into three homogeneous
parts, we can replace the ramp flow by effective boundaries.
The flow through the off-ramp �1 can be represented by a
removal rate �� for the first part and an injection rate �� for
the second part of the roadway; the flow through the on-ramp

�1 can also be represented by a removal rate �� for the
second part and an injection rate �� for the third part of the
roadway. The regime of the �F-F-F� phase can be obtained by
imposing the constraints �0���, �����, and ����0. The
effective rates can be solved by balancing the flow across the
ramp. The analytical expressions are as follows:

�� =
�0�1 − �1�
1 + �0�1

and �� = 1; �9�

�� = �� + �1�1 + ��� and �� =
���1 + �1�

�� + �1�1 + ���
.

�10�

It is interesting to note that the crucial condition is the free
flow on the third part of the roadway, i.e., ����0, which
becomes

�1�1 + �0� − �1�1 + �0��0 � �0 − �0. �11�

As to the �F-F-J� phase, the effective rates for the on-ramp
shown in Eq. �10� should be revised as follows:

�� =
1

1 − �* ·
�0

1 + �0
and �� =

1

�* ·
��

1 + ��
, �12�

where �* denotes the average density of the on-ramp, which
can be expressed analytically as

�* = 1 −
�0

�1�1 + �0�
+

��

�1�1 + ���
. �13�

The phase regime can be obtained by the constraints �0
���, �����, and ����0. The congestion on the third part
of the roadway leads to

�1�1 + �0� − �1�1 + �0��0 � �0 − �0, �14�

while the free flow on the second part of the roadway pro-
vides a further constraint as

�1�1 + �0��0 − �1�1 + �0��0 � �0 − �0. �15�

These two equations define the boundaries of the �F-F-J�
phase. The regimes for the �F-J-J� phase and the �J-J-J� phase
can also be obtained similarly. We summarize the results as
follows:

�F-F-F� �1�1 + �0� − �1�1 + �0��0 � �0 − �0; �16�

�F-F-J� �1�1 + �0� − �1�1 + �0��0 � �0 − �0,

�1�1 + �0��0 − �1�1 + �0��0 � �0 − �0; �17�

�F-J-J� �1�1 + �0��0 − �1�1 + �0� � �0 − �0,

�1�1 + �0��0 − �1�1 + �0��0 � �0 − �0; �18�

�J-J-J� �1�1 + �0��0 − �1�1 + �0� � �0 − �0. �19�

The results of a single ramp can be reproduced by setting
�1=0 or �1=0. We note that the four-dimensional parameter
space ��0 ,�0 ,�1 ,�1� can be completely classified into these
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four distinct phases. With naive intuition, the two ramps di-
vide the roadway into three sections, and each section can be
either free or jam. Thus one would expect eight different
phases. However, there are four phases missing: �J-F-F�, �J-
J-F�, �J-F-J�, and �F-J-F�. Along the traffic direction, free
flow will not follow the congestion. With a typical boundary
flow ��0 ,�0�, the phase diagram in the ramp flow ��1 ,�1� is
shown in Fig. 2. All four different phases can be realized by
appropriate choices of ��1 ,�1�. Basically, the traffic jams
emerge as �1 increases and resolve as �1 increases. It is
interesting to notice that all the phase boundaries on the
phase diagram ��1 ,�1� are straight lines. On the other hand,
with a typical ramp flow ��1 ,�1�, the phase diagram in the
boundary flow ��0 ,�0� is shown in Fig. 3. Again, all four
different phases can be realized by appropriate choices of
��0 ,�0�. The traffic jams appear as �0 increases and disap-
pear as �0 increases. The phase boundaries become curved.
The numerical simulations can be exactly reproduced �not
shown�.

III. MAXIMUM FLOW

Next, we switch the order of the two ramps. The on-ramp
is now placed before the off-ramp as shown in Fig. 1�b�. The
flow from the on-ramp �1 can be taken account of by a
removal rate �� for the first part and an injection rate �� for
the second part of the roadway; the flow from the off-ramp
�1 can also be taken account of by a removal rate �� for the
second part and an injection rate �� for the third part of the
roadway. In the regime of the �F-F-F� phase, the analytical
expressions shown in Eqs. �9� and �10� now become the
following:

�� = �0 + �1�1 + �0� and �� =
�0�1 + �1�

�0 + �1�1 + �0�
;

�20�

�� =
���1 − �1�
1 + ���1

and �� = 1. �21�

The free flow on the third part of the roadway leads to the
constraint

�1�1 + �0� − �1�1 + �0��0 − �1�1�1 + �0��1 + �0� � �0 − �0.

�22�

In this case, however, the free flow on the first part of the
roadway also imposes further constraint as

�1 �
1 − �0

1 + �0
. �23�

Together, the above two equations mark the boundaries of
the �F-F-F� phase. Similarly, we summarize the results for
the four different phases in the following:

�F-F-F� �1�1 + �0� − �1�1 + �0��0 − �1�1�1 + �0��1 + �0�

��0−�0,

�1 �
1 − �0

1 + �0
; �24�

�F-F-J� �1�1 + �0� − �1�1 + �0��0 − �1�1�1 + �0��1 + �0�

��0 − �0,

�1�1 + �0� − �1�1 + �0� � �0 − �0; �25�

�F-J-J� �1�1 + �0��0 − �1�1 + �0� + �1�1�1 + �0��1 + �0�

��0 − �0,

FIG. 2. Phase diagram in the ramp flow ��1 ,�1� for the system
shown in Fig. 1�a�. The boundary flow is fixed at ��0 ,�0�
= �0.4,0.5�.

FIG. 3. Phase diagram in the boundary flow ��0 ,�0� for the
system shown in Fig. 1�a�. The ramp flow is fixed at ��1 ,�1�
= �0.4,0.5�.
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�1�1 + �0� − �1�1 + �0� � �0 − �0; �26�

�J-J-J� �1�1 + �0��0 − �1�1 + �0� + �1�1�1 + �0��1 + �0�

��0 − �0,

�1 �
1 − �0

1 + �0
. �27�

Again, the above results reduce correctly to the cases of a
single ramp with the setting �1=0 or �1=0. It is interesting
to notice that the above four phases do not completely clas-
sify the parameter space ��0 ,�0 ,�1 ,�1�. In fact, one more
distinct phase can be observed. The traffic flow saturates to
the maximum value on the second part of the roadway, while
the congestion remains on the first part of the roadway and
the free flow is maintained on the third part of the roadway.
The phase regime can be obtained as follows:

�J-M-F� �1 �
1 − �0

1 + �0
,

�1 �
1 − �0

1 + �0
, �28�

where free flow �F�, jams �J�, and maximum flow �M� can be
observed in different parts of the roadway. With these five
different phases, the parameter space ��0 ,�0 ,�1 ,�1� can
then be completely classified. In last section �the off-ramp
placed before the on-ramp�, the maximum flow can only be
observed along the phase boundaries in extreme conditions
�0=1 and/or �0=1. When the off-ramp is placed after the
on-ramp, the maximum flow can be observed in an extended
regime and becomes a distinct phase. With a typical bound-
ary flow ��0 ,�0�, the phase diagram in the ramp flow
��1 ,�1� is shown in Fig. 4. Basically, the congestion devel-
ops as �1 increases and the free flow restores as �1 increase.
However, when �1 and �1 are larger than certain criteria, the
traffic flow would saturate in the middle section of the road-
way and an interesting phase appears. Similarly, with a typi-
cal ramp flow ��1 ,�1�, the phase diagram in the boundary
flow ��0 ,�0� is shown in Fig. 5. An interesting phase
emerges whenever �0 and �0 are larger than certain criteria.
We emphasize again that the above analytical results are ex-
act. The numerical simulations can be correctly reproduced
�not shown�.

IV. TRAFFIC ROTARY

When the periodic boundary conditions are imposed, the
system configuration shown in Fig. 1 becomes a traffic rotary
�see Fig. 6�. There are only two control parameters �1 and
�1. The effective values of �0 and �0 can be deduced as
following. If one starts with Fig. 1�a�, the connected bound-
aries are in the upper branch �part 1�. In the free-flow regime,
the flow balance requires �0=1 and �0=��, which can then
be used to obtain �0=�1 /�1. The constraint of Eq. �16� be-
comes �1��1. The densities in different parts of the rotary
can also be obtained:

�1 =
�1

�1 + �1
and �2 =

�1�1 − �1�
�1 + �1

. �29�

In the congestion regime, the flow balance requires �0=1
and �0=��, which can then be used to obtain �0=�1 /�1. The
constraint of Eq. �19� becomes �1��1. The densities in dif-
ferent parts of the rotary become

�1 =
�1

�1 + �1
and �2 =

�1�1 + �1�
�1 + �1

. �30�

To summarize, we obtain only two different phases as fol-
lows:

FIG. 4. Same as in Fig. 2. In contrast, the on-ramp is now placed
before the off-ramp as shown in Fig. 1�b�.

FIG. 5. Same as in Fig. 3. In contrast, the on-ramp is now placed
before the off-ramp as shown in Fig. 1�b�.
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�F-F� �1 � �1, �31�

�J-J� �1 � �1. �32�

When the injection �1 is less than the removal �1, the free
flow can be observed in both branches; when �1 is larger
than �1, the congestion dominates in both branches. Since
the free flow will not follow the congestion along the traffic
direction, both �F-J� and �J-F� phases cannot be realized on a
rotary. As �1 and �1 vary, �1 changes continuously, while �2
displaces a discontinuity at �1=�1. Right on the phase tran-
sition boundary �1=�1, the traffic in the upper branch �part
1� saturates to the maximum and the traffic in the lower
branch �part 2� reveals a phase separation. The density in
part 1 is homogeneous and assumes a value of 1

2 . In contrast,
the density in part 2 is inhomogeneous. Near the on-ramp
��1�, the traffic is congested and the density is �1+�1� /2;
near the off-ramp ��1�, the free flow is observed and the
density is �1−�1� /2. We note that the same results can also
be reached by analyzing the configuration of Fig. 1�b�.

Next, we add one more ramp to the rotary. The system
configuration is shown in Fig. 7. After some calculations, we
obtain three distinct phases as follows:

�F-F-F� �1 � �1 + �2 − �1�2, �33�

�J-J-J� �1 � �1 + �2 + �1�2, �34�

�M-F-J� �1 + �2 − �1�2 � �1 � �1 + �2 + �1�2. �35�

It is interesting to observe that the free flow �F-F-F� and the
congestion �J-J-J� do not completely classify the parameter
space ��1 ,�1 ,�2�. As the free flow will not follow the con-
gestion, the coexistence of free flow and congestion on a
rotary must always involve a phase of maximum flow �M�.
In such a situation, part 1 of the rotary emerges as a bottle-
neck to the traffic. Free flow is still maintained in part 2 and
congestion is observed in part 3. The typical phase diagrams
in ��1 ,�1� and ��1 ,�2� are shown in Figs. 8 and 9, respec-

tively. When the ramp flow is reversed, i.e., the rotary has
two on-ramps ��1 ,�2� and one off-ramp ��1�, the parameter
space ��1 ,�2 ,�1� can be classified by the same three phases
as follows:

�F-F-F� �1 � �1 + �2 + �1�2, �36�

�J-J-J� �1 � �1 + �2 − �1�2, �37�

FIG. 6. System configuration of a traffic rotary. Particles move
clockwise as shown by the gray arrows. The upper and lower
branches are labeled as part 1 and part 2, respectively.

FIG. 7. A rotary with three ramps: one on-ramp ��1� and two
off-ramps ��1 ,�2�. The rotary is then divided into three parts la-
beled by the number.

FIG. 8. Phase diagram in the ramp flow ��1 ,�1� for the system
shown in Fig. 7. The other ramp flow is fixed at �2=0.3.
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�F-J-M� �1 + �2 − �1�2 � �1 � �1 + �2 + �1�2. �38�

The saturated flow always emerges between an on-ramp and
an off-ramp, with the on-ramp coming before the off-ramp
along the traffic direction.

With two on-ramps and two off-ramps, the rotary shown
in Fig. 10 can be taken as an alternative to the conventional
crossroad. Traffic from west to east is prescribed by �1 and
�1; traffic from south to north is prescribed by �2 and �2.
Besides the free flow �F-F-F-F� and congestion �J-J-J-J�, the
maximum flow can only be expected in part 1 of the rotary.
In such a situation, part 2 will be free flow and part 4 will be
congested. Part 3 can be either free or jam. Thus we should

have four different phases. The results are as follows:

�F-F-F-F� �1 + �2 + �1�2 � �1 + �2 − �1�2, �39�

�J-J-J-J� �1 + �2 + �1�2 � �1 + �2 − �1�2, �40�

�M-F-F-J� �1 + �2 − �1�2 � �1 + �2 − �1�2

� �1 + �2 + �1�2, �41�

FIG. 9. Phase diagram in the ramp flow ��1 ,�2� for the system
shown in Fig. 7. The other ramp flow is fixed at �1=0.7.

FIG. 10. A traffic rotary with four ramps.

FIG. 11. Phase diagram in the ramp flow ��1 ,�1� for the system
shown in Fig. 10. The other ramp flow is fixed at ��2 ,�2�
= �0.4,0.5�.

FIG. 12. Phase diagram in the ramp flow ��1 ,�2� for the system
shown in Fig. 10. The other ramp flow is fixed at ��1 ,�2�
= �0.3,0.4�.
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�M-F-J-J� �1 + �2 − �1�2 � �1 + �2 − �1�2

� �1 + �2 + �1�2. �42�

The typical phase diagrams in ��1 ,�1� and ��1 ,�2� are
shown in Figs. 11 and 12, respectively. With the above ana-
lytical results, other kinds of phase diagrams can also be
obtained easily.

V. CONCLUDING REMARKS

In this paper, we study the phase diagrams of asymmetric
simple exclusion processes with nontrivial boundaries. We
demonstrate that the bulk properties on the roadway are to-
tally controlled by the stochastic ramp-flow through the
boundaries. To classify the traffic conditions, the roadway
can be divided into various parts joined by the ramps. On
each part, the traffic is homogeneous and can be character-
ized as free flow, congestion, or maximum flow. Complete
classification in the parameter space is achieved. Exact phase
diagrams are obtained analytically. Basically the traffic jams
emerge as the on-ramp flow increases. The free flow is re-
stored as the off-ramp flow increases. In between these two
phases, various kinds of inhomogeneity can be developed
among different parts of the roadway. Along the traffic direc-
tion, we find that the free flow will not follow the congestion
directly. To constitute a bottleneck, the maximum flow must

appear in between the downstream free-flow and the up-
stream congestion, which also implies that the on-ramp must
be placed before the off-ramp along the traffic direction. In
the simple model studied, the present results are exact. These
transparent results might be useful to analyze the real traffic
network. The bottlenecks on a complex network can then be
readily identified. A control scheme to ease the congestion
can also be advised.

In this work, the dynamics is deterministic and the sym-
metry between particle and hole is intact. For more realistic
models, the noises shall not be neglected and higher veloci-
ties shall be considered. A nature extension is the well-
known Nagel-Schreckenberg model �11,12�. The particle-
hole symmetry will be broken by higher velocities. As the
prominent effects of higher velocities are revealed near the
boundaries �13�, we expect that similar results in bulk can be
reached. However, when the noises are present, a single
ramp is more than enough to stabilize the maximum flow.
Without noises, at least two ramps are necessary to support
the maximum flow. The phase diagram is expected to change
dramatically. It would be interesting to further explore the
similarity between the stochastic dynamics without a ramp
and the deterministic dynamics with two ramps. We also
conjecture that, when the noises are included, the effects of
higher velocities will further emerge �14�.
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